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of bosonic subspaces is studied. It is shown, in particular, that the conventional superspace
extensions of the coset manifolds AdS2 × S2, AdS3 × S3 and AdS5 × S5, which arise as
solutions of corresponding D = 4, 6, 10 supergravities and have been extensively studied
in connection with AdS/CFT correspondence, are not superconformally flat, though their
bosonic submanifolds are conformally flat. We give a group–theoretical reasoning for this
fact. We find that in the AdS2 × S2 and AdS3 × S3 cases there exist different supercosets
based on the supergroup OSp(4∗|2) which are superconformally flat. We also argue that
in D = 2, 3, 4 and 5 there exist superconformally flat ‘pure’ AdSD supercosets. Two
methods of checking the superconformal flatness are proposed. One of them consists in
solving the Maurer–Cartan structure equations and the other is based on embedding the
isometry supergroup of the AdSm×Sn superspace into a superconformal group in (m+n)–
dimensional Minkowski space. Finally, we discuss some applications of the above results
to the description of supersymmetric dynamical systems.
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1. Introduction
Space–times of anti–de–Sitter geometry have attracted great deal of attention because they
appear in various physical problems, e.g. cosmology, black holes, supergravity and compact-
ification, AdS/CFT correspondence, the theory of higher spins, etc. The basic geometrical
feature of the D–dimensional AdS spaces is that their isometry group SO(2,D−1) acts as
a group of conformal transformations of the AdS boundary which may be identified with a
D−1 dimensional Minkowski space. On the other hand, the AdS metric is invariant, up to
a dilaton factor, under a higher group of conformal transformations, namely SO(2,D). A
consequence of this fact is that (locally) there exists a set of AdS coordinates xm in which
the AdS metric is conformally flat1
ds2 = e4φ(x)dxmdxnηmn , ηmn = diag(+1,−1 · · · ,−1), m, n = 0, 1, ...,D − 1 , (1.1)
where φ(x) is a conformal factor.
Among compactifications of D = 10 and D = 11 supergravities (for reviews see [2])
there appear vacuum configurations having the geometry of the direct product of an AdS
space and a sphere, i.e. AdSp×Sq (p+q = D). These configurations provide a geometrical
ground for the AdS/CFT correspondence in string theory and M–theory [3], and also are
relevant (for p = q = 2) to the superconformal quantum mechanics [4] of particles in the
background of Reissner–Nordstro¨m black holes [5]. The isometry group of such spaces is
SO(2, p − 1) × SO(q + 1) which is a bosonic subgroup of the appropriate superconformal
symmetry of the given configuration of string or M–theory on the boundary of AdS.
It is known that the AdS5×S5 space of the compactified type IIB D = 10 supergravity
(or string theory) and the AdS2 × S2 space of Reissner–Nordstro¨m black hole (see e.g.
[5, 6]) are conformally flat since the radii of the AdS spaces and spheres are adjusted
to be equal. This is also the case for superstrings and superparticles in AdS2 × S2 and
AdS3 × S3 [8, 9, 10], while the compactifications of D = 11 supergravity on AdS4 × S7
and AdS7 × S4 are not conformally flat. Conformal flatness of classical solutions has been
considered as a guarantee of their exactness, i.e. the absence of quantum corrections to
these solutions due to higher derivative terms in the supergravity effective actions [11].
As has been discussed in [12], since the AdS4 × S7 and AdS7 × S4 solutions of D = 11
supergravity are not conformally flat, the exactness argument for them should be based
on another reasoning, such as unbroken supersymmetry. In this connection one can also
ask whether the conformal flatness is compatible with the supersymmetry properties of the
corresponding configurations.
So a natural question arises whether the superspaces with a conformally flat bosonic
body AdSp × Sq are also superconformally flat. A naive expectation might be that the
answer to this question is always positive. However, we shall see that, among physically
interesting examples, indeed the AdS4 coset superspace
OSp(N |4;R)
SO(1,3)×SO(N) (for a generic N) is
superconformally flat, while the AdS2 × S2 coset superspace SU(1,1|2)SO(1,1)×SO(2) , the AdS3 × S3
1One can mention another peculiar property of the AdS metric to have (in a certain set of coordinates)
a ‘Kahler–like’ potential structure gmn = ∂m∂nV (x) [1].
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coset superspace SU(1,1|2)×SU(1,1|2)SO(1,2)×SO(3) and the AdS5 × S5 coset superspace
SU(2,2|4)
SO(1,4)×SO(5) are
not, though their bosonic subspaces are conformally flat. The reason for this somewhat
surprising conclusion is that the isometry supergroups OSp(N |4;R) of the corresponding
four–dimensional AdS superspaces are subgroups of the N–extended D = 4 superconfor-
mal group SU(2, 2|N) ,2 like the super Poincare´ group of flat N–extended D = 4 super-
spaces. On the contrary, the isometry supergroups SU(1, 1|2), SU(1, 1|2)×SU(1, 1|2) and
SU(2, 2|4) of the AdSD
2
× S D2 (D=4,6,10) superspaces are not appropriate subgroups of
corresponding N = 2, D = 4, 6, 10 superconformal groups. By ‘appropriate’ we mean that
the bosonic subgroups of these AdS supergroups must be subgroups of the bosonic confor-
mal subgroups of the corresponding superconformal groups. This is the group–theoretical
argument why the above mentioned coset superspaces are not superconformal, though their
bosonic AdSD
2
× SD2 subspaces are conformal.3
For instance, the isometry supergroup SU(2, 2|4) of the AdS5×S5 solution of type IIB
D = 10 supergravity and the type IIB D = 10 super Poincare´ group are not subgroups of a
generalized extended (‘N = 2’) superconformal group in ten dimensions (usually chosen to
be either OSp(2|32;R) or OSp(1|64;R)). At the same time, the bosonic D = 10 Poincare´
group and the isometry group SO(2, 4)×SO(6) of AdS5×S5 are subgroups of the D = 10
conformal group SO(2, 10).
As was already discussed in the literature [13, 15, 16], only ‘central’ extensions of
the type IIB D = 10 super Poincare´ group by tensorial generators are subgroups of
OSp(2|32;R) and/or OSp(1|64;R),4 while SU(2, 2|4) is not a subgroup of these super-
conformal groups (we give a simple reasoning for this in Subsection 2.4). As a result, the
D = 10 super Poincare´ group and the SU(2, 2|4) supergroup and, respectively, the flat
D = 10 superspace and the AdS5×S5 superspace, cannot be related to each other by a su-
per Weyl transformation (in the sense explained in Sections 3 and 4). Hence the AdS5×S5
superspace is not superconformal.
In the cases of AdS2×S2 and AdS3×S3, however, there exist different coset superspaces
with the same bosonic body which are superconformal. These are OSp(4
∗|2)
SO(1,1)×SO(2)×SU(2)
and OSp(4
∗|2)×OSp(4∗|2)
SO(1,2)×SO(3)×SU(2)×SU(2) . These superspaces contain AdS2 × S2 and AdS3 × S3 as
bosonic subspaces and have the same number of fermionic coordinates as the supercosets
SU(1,1|2)
SO(1,1)×SO(2) and
SU(1,1|2)×SU(1,1|2)
SO(1,2)×SO(3) , respectively. Their crucial difference from the latter
ones is that the supergroups OSp(4∗|2) and OSp(4∗|2) × OSp(4∗|2) are subgroups of the
corresponding superconformal groups SU(2, 2|2) and OSp(8∗|4) . These coset superspaces
are related to the ‘conventional’ ones by an ‘α-deformation’ of supercosets based on the
exceptional supergroup D(2, 1;α) (see Sections 2 and 4).
2The Cartan forms of the N extended superconformal group SU(2, 2|N) which are suitable for the
construction of AdS5 coset superspaces, were computed in [7]. We also note that the bosonic subgroup of
SU(n, n|2n) (n = 1, 2) is SU(n, n)× SU(2n) , while for a generic SU(n, n|N) it is SU(n, n) × U(N) .
3Let us note that (super)conformally flat (super)spaces are (super)conformal in the sense that, with a
proper choice of coordinates, the whole (super)conformal group is realized in these (super)spaces in the
same way as in the corresponding flat (super)spaces. So below we shall often use ‘(super)conformal’ as a
synonym of ‘(super)conformally flat’.
4These central extensions nontrivially transform under the superconformal transformations.
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A generic form of the supervielbeins of supermanifolds with superconformally flat
geometry is [17]
Ea = e2Φ(x,θ)(dxa − iθ¯γadθ) ≡ e2Φ(x,θ)Πa,
Eα = eΦ(x,θ)Λαβ(dθ
β + iDγΦγ
γβ
a Π
a) , (1.2)
where xm and θα are bosonic and fermionic coordinates of the supermanifold, Φ(x, θ) is a
dilaton factor, Λαβ(x, θ) is a matrix (in some cases it can be equal to unity), Dα is a flat
superspace covariant derivative, and Πa and dθα are covariant flat supervielbeins.
In this paper we shall derive the superconformally flat form of the supervielbeins and
connections of the AdS4 coset superspaces
OSp(N |4;R)
SO(1,3)×SO(N) (N = 1, 2) and of an AdS2 × S2
coset superspace OSp(4
∗|2)
SO(1,1)×SO(2)×SU(2) . Actually, the first type of superspaces will be shown
to be superconformally flat for generic N . In Section 2 we show that the superconformally
flat ansatz is compatible with the Maurer–Cartan structure equations of the correspond-
ing coset superspaces (while it is not compatible with the AdS × S solutions of N = 2,
D = 4, 6 supergravities), and in Sections 3 and 4, using a ‘bottom–up’ approach, we con-
struct explicitly the superconformal factors of the AdS supervielbeins. In Subsection 2.4
we demonstrate that the supercoset extension of AdS5 × S5 is not superconformally flat.
In Conclusion we also discuss the issue of the supeconformal flatness of ’pure’ AdSD su-
percosets, i.e. those without ‘S–factors’. In particular, we argue that there exists only one
superconformlly flat ‘pure’ AdS5 supercoset, with SU(2, 2|1) as the superisometry group.
The results obtained can be useful for the description of supersymmetric black holes,
superparticles and superstrings in AdS superbackgrounds, and for studying issues of their
quantization and the influence of higher order quantum corrections. As an example, in
Section 5 we demonstrate that the classical dynamics of massless superparticles propa-
gating on the AdS4 coset superspace
OSp(2|4;R)
SO(1,3)×SO(2) , on the AdS2 × S2 coset superspace
OSp(4∗|2)
SO(1,1)×SO(2)×SU(2) and in flat N = 2, D = 4 superspace are equivalent, because these
superspaces are superconformal, with the same superconformal group SU(2, 2|2) acting in
all three cases. But their quantized dynamics differ because of different geometrical and
symmetry properties of the superbackgrounds which the quantization procedure should
respect.
2. Solving the Maurer–Cartan equations of the AdS cosets
In this section we use two-component Weyl spinors θα, θ¯α˙ to define Grassmann coordi-
nates and the matrix representation xαα˙ = σαα˙a x
a for the vector coordinates of D = 4
superspaces. The metric of the flat space–time is chosen to be almost negative, ηab =
diag(+,−,−,−).
2.1 AdS4 superspaces
The structure equations of the AdS4 coset superspace
OSp(1|4;R)
SO(1,3) are (see e.g. [37], [38])
DEαα˙ = dEαα˙ − Eβα˙ ∧w αβ − Eαβ˙ ∧ w α˙β˙ = −2iEα ∧ E¯α˙, (2.1)
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DEα = dEα − Eβ ∧w αβ = −
1
R
E¯β˙ ∧ Eαβ˙, (2.2)
Rαβ = dwαβ − wαγ ∧ w βγ = −
2i
R
Eα ∧ Eβ + 1
R2
Eαγ˙ ∧ Eβγ˙ , (2.3)
where wαβ and Rαβ are the spin connection and the curvature form, and R is the AdS
radius. The equations (2.1)–(2.3) should be supplemented with their complex conjugate.
Let us assume that the N = 1 AdS4 superspace is superconformally flat. In this case
eqs. (2.1)–(2.3) should have a nontrivial solution of the form
Eαα˙ = e2Φ(x,θ,θ¯)Παα˙ , (2.4)
where
Παα˙ = dxαα˙ − idθαθ¯α˙ + iθαdθ¯α˙ . (2.5)
Substituting (2.4) into the structure equation (2.1), one finds that it fixes the form
of the fermionic supervielbeins Eα, E¯α˙ up to a phase factor eiW (x,θ,θ¯) , where W is a real
superfield:
Eα = eΦ(x,θ,θ¯)+iW (x,θ,θ¯)
(
dθα + 2iΠαα˙D¯α˙Φ
)
, (2.6)
Eα˙ = eΦ(x,θ,θ¯)−iW (x,θ,θ¯)
(
dθ¯α˙ − 2iΠαα˙DαΦ
)
. (2.7)
From eq. (2.1) one also finds the Grassmann components of the connection 1-form
w αβ = −2dθαDβΦ− 2dθβDαΦ+Πγγ˙w αγγ˙β , w α˙β˙ = (w αβ )∗ . (2.8)
In eqs. (2.6)–(2.8)
Dα = ∂α + iθ¯
α˙∂αα˙ , D¯α˙ = −∂¯α˙ − iθα∂αα˙ (2.9)
are the flat superspace covariant spinor derivatives.
In order to obtain eqs. (2.6)–(2.8) one takes the covariant differential of the bosonic
supervielbein form (2.4)
DEαα˙ = −2ie2Φdθα ∧ dθ¯α˙ + 2e2ΦΠαα˙ ∧ dΦ − e2ΦΠαβ˙ ∧ ω¯ α˙
β˙
− e2ΦΠβα˙ ∧ ω αβ
and compares the result with the right hand side of (2.1).
Let us substitute into the right hand side of eq. (2.1) the most general expression for
the fermionic supervielbeins in terms of the independent covariant 1-superforms dθ, dθ¯ and
Π
Eα = dθβE αβ + dθ¯β˙ E¯ αβ˙ +Πββ˙ψ˜ αββ˙ ,
E¯α˙ = dθ¯β˙ E¯ α˙
β˙
+ dθβE α˙β +Πββ˙ ˜¯ψ
α˙
ββ˙ .
Then, equating the components of the terms containing the basic form dθβ ∧ dθ¯β˙ on the
left and right hand sides of eq. (2.1), we have
E αβ E¯ α˙β˙ + E¯ αβ˙ E α˙β = δ αβ δ α˙β˙ e2Φ ,
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while the components of the basic form dθβ ∧ dθγ give rise to the relations
2E α(β E α˙γ) ≡ E αβ E α˙γ + E αγ E α˙β = 0 .
Under the assumption that E αβ is invertible, the solution of the second equation is
E α˙β = (E α˙β )∗ = 0 ,
then, from the first equation one gets
E αβ E¯ α˙β˙ = δ αβ δ α˙β˙ e2Φ ⇒ E αβ = δ αβ eΦ+iW , E¯ α˙β˙ = δ α˙β˙ eΦ−iW .
Taking the above relations into account, one finds that the component of the basic
form Πββ˙ ∧ dθ¯γ˙ in eq. (2.1) can be written in the form
ǫα˙β˙ωγ˙βα + ǫαβω¯γ˙β˙α˙ = −2ǫαβǫα˙β˙D¯γ˙Φ− 2iǫα˙γ˙ψββ˙ α , (2.10)
where ψ˜ββ˙ α = e
Φ+iWψββ˙ α and the indices are ‘lowered’ by the unit antisymmetric matrix
ǫαβ , (ǫ12 = −ǫ21 = 1), e.g. Vαα˙ = ǫαα′ǫα˙α˙′V α′α˙′ . Now we should decompose the above
equation into the irreducible parts, using the fact that the spin connections are symmetric
ω¯γ˙β˙α˙ = ω¯γ˙α˙β˙ , ωγ˙βα = ωγ˙αβ ,
and decomposing the spin–tensor ψββ˙ α as follows
ψββ˙ α = ψ¯0β˙ǫαβ + χβ˙ βα , χβ˙ βα = χβ˙ αβ .
The irreducible part of eq. (2.10) symmetric in α˙, β˙ and α, β results in
ǫγ˙(α˙χβ˙) βα = 0 ⇒ χβ˙ βα = 0 ,
while the part antisymmetric in α˙β˙ and α, β determines ψ¯0β˙ as the spinor derivative of the
superfield Φ
ψ¯0β˙ = 2iD¯β˙Φ . (2.11)
Thus we obtain eqs. (2.6) and (2.7).
Substituting the results back into the above equation and analyzing the irreducible
parts which remain we obtain eq. (2.8).5
To check the coefficient in the right hand side of (2.11) let us substitute the expressions
obtained (except for eq. (2.11)) into eq. (2.10). We thus have
ǫαβω¯γ˙β˙α˙ = −2ǫαβǫα˙β˙D¯γ˙Φ− 2iǫαβǫα˙γ˙ψ¯0β˙ (2.12)
or, omitting ǫαβ ,
ω¯γ˙β˙α˙ = −2ǫα˙β˙D¯γ˙Φ− 2iǫα˙γ˙ψ¯0β˙ . (2.13)
5The part with [α˙β˙], (αβ) requires ωγ˙αβ = 0 , then the part with (α˙β˙), [αβ] gives the expression for
ω¯γ˙β˙α˙ .
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Recall that ω¯γ˙β˙α˙ = ω¯γ˙α˙β˙ and hence ω¯γ˙α˙β˙ǫ
α˙β˙ = 0 . Thus, contracting (2.13) with ǫα˙β˙ one
derives eq. (2.11).
Now, substituting (2.6), (2.7), (2.8) and (2.4) into the fermionic structure equations
(2.2), one finds from the analysis of the dθβ ∧ dθγ component that
Dβ(3Φ + iW ) = 0 ,
or
3Φ + iW = 6φ¯ , Dαφ¯ = 0 . (2.14)
The complex conjugate equation
D¯β˙(3Φ − iW ) = 0 ⇒ 3Φ− iW = 6φ , D¯α˙φ = 0 , (2.15)
follows from the ∝ dθβ ∧ dθ¯γ˙ component of (2.2).
Thus both Φ and W are expressed through the chiral and antichiral superfields φ
(D¯α˙φ = 0) and φ¯ (Dαφ¯ = 0)
Φ = φ+ φ¯ , iW = 3(φ¯− φ) . (2.16)
The component of the basic form Πγγ˙ ∧ dθ¯β˙ of eq. (2.2) produces the equation for the
chiral and antichiral superfields
D¯α˙D¯
α˙e4φ¯ =
4i
R
e8φ . (2.17)
The left hand side of this equation contains only the antichiral superfield while its right
hand side contains only the chiral one.
The Πββ˙ ∧ dθγ component of eq. (2.2) specifies the form of the vector component
wββ˙γ
α of the spin connection
wββ˙γ
α = 4∂ββ˙ φ¯δγ
α − 4∂γβ˙ φ¯δβα − 2∂ββ˙φδγα − 8iDβφD¯β˙φ¯δγα + 8iDγφD¯β˙ φ¯δβα . (2.18)
Since by definition the spin connection is traceless, wα
α ≡ 0, one finds from (2.18) that
∂ββ˙(φ− φ¯) = −2iDβφD¯β˙ φ¯ , (2.19)
i.e., ∂ββ˙W = 6DβφD¯β˙ φ¯ . Eq. (2.19) can be used to simplify the expression (2.18) for wββ˙γ
α
wββ˙γ
α = 2∂ββ˙φδγ
α − 4∂γβ˙φδβα . (2.20)
This expression can be also obtained directly from the dθ ∧ dθ¯ component of eq. (2.3). As
a consequence of eqs. (2.20), (2.8) and (2.16), the ‘left chiral’ spin connection is expressed
through the derivatives of the chiral field φ only
w αβ = −2dθαDβφ− 2dθβDαφ− 2Παγ˙∂βγ˙φ+ 2Πβγ˙∂αγ˙φ . (2.21)
To check the compatibility of eqs. (2.17) and (2.19) one should verify that applying the
derivative D¯β˙ to eq. (2.19) produces the equation which coincides with the one obtained
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by applying Dβ to eq. (2.17). This fermionic integrability condition can be written in the
form
∂ββ˙D¯
β˙φ¯ = − 2
R
Dβφ e
8φ−4φ¯ − 4∂ββ˙ φ¯D¯β˙φ¯ . (2.22)
However, the first fermionic component in the θ-expansion of eq. (2.19) is more restrictive
than the same component of eq. (2.17). Indeed, acting on eq. (2.19) by D¯α˙ (no contraction
of the dotted indices is made in contrast to (2.22)), one finds
∂ββ˙D¯α˙φ¯ = iǫα˙β˙D¯D¯φ¯Dβφ+ ∂βα˙φ D¯β˙ φ¯ . (2.23)
Eq. (2.23) also implies
∂ββ˙D¯D¯φ¯ = 4D¯D¯φ¯∂ββ˙φ . (2.24)
At this step the check of consistency can be carried out by verifying that the equation
obtained by taking the derivative ∂ββ˙ of eq. (2.17) is satisfied identically when eqs. (2.24)
and (2.23) are taken into account.
The SO(1, 3) invariant solutions of eqs. (2.17) and (2.19) specify the form of the chiral
superfield φ for the AdS4 coset superspace
OSp(1|4;R)
SO(1,3) and thus define the superconformally
flat parametrization of the latter.
In a similar way one can demonstrate the superconformal flatness of the coset super-
space OSp(N |4;R)SO(1,3)×SO(N) for any N .
In Section 3 we shall describe a method which allows one to derive the explicit form of
the conformal factor Φ(x, θ) and the phase factor W (x, θ) for these supermanifolds without
solving the Maurer–Cartan equations.
2.2 AdS2×S2 superspaces
Let us consider now a coset superspace SU(1,1|2)SO(1,1)×SO(2) whose bosonic body is the space
AdS2 × S2 . When the radii R of AdS2 and S2 are equal, the metric of the bosonic space
is conformally flat.
We shall now show that the coset superspace SU(1,1|2)SO(1,1)×SO(2) is however not superconformally
flat and that another supercoset with the bosonic subspaceAdS2×S2 , namely OSp(4
∗|2)
SO(1,1)×SO(2)×SU(2) ,
is superconformally flat. The supergroup OSp(4∗|2) has eight fermionic generators, like
SU(1, 1|2), but a larger bosonic subgroup SO(2, 1) × SO(3) × SU(2) (see Subsection 4.2
for details).6
The AdS2×S2 space is the Reissner–Nordstro¨m extreme black hole solution of N = 2,
D = 4 supergravity (as discussed, e.g. in [5, 22]). In [22] it was demonstrated that the
corresponding coset superspace SU(1,1|2)SO(1,1)×SO(2) is a solution of N = 2, D = 4 superfield
supergravity constraints. On this solution the N = 2, D = 4 superspace coordinates
xa = (xa
′
, xaˆ) (a′ = 0, 3; aˆ = 1, 2), θαi and θ¯
α˙ i (i = 1, 2) split into AdS2 × S2 vectors and
6Note that the supergroup SU(1, 1|2) has a group of outer automorphisms SU(2) whose generators do
not appear in the anticommutator of the supercharges.
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spinors, and the supergravity constraints reduce to the Maurer–Cartan structure equations
of SU(1,1|2)SO(1,1)×SO(2) .
Instead of writing the Maurer–Cartan equations of SU(1,1|2)SO(1,1)×SO(2) we shall consider
Maurer–Cartan equations of the one-parameter set of supercosets D(2,1;α)SO(1,1)×SO(2)×SU(2) ,
where D(2, 1;α) is an exceptional supergroup with eight fermionic generators and the
bosonic subgroup SO(2, 1) × SO(3) × SU(2) , α being a numerical parameter. When
α = 1 , D(2, 1;α) becomes isomorphic to OSp(4∗|2) and, when α = −1, it reduces to
the semi–direct product of SU(1, 1|2) and the outer automorphism group SU(2) (see [19]
and Subsection 4.2 for details). Thus all the coset superspaces D(2,1;α)SO(1,1)×SO(2)×SU(2) contain
AdS2×S2 as the bosonic body and possess the same number of fermionic dimensions. The
supercosets OSp(4
∗|2)
SO(1,1)×SO(2)×SU(2) and
SU(1,1|2)
SO(1,1)×SO(2) are recovered at α = 1 and α = −1 ,
respectively.
The torsion and the curvature constraints have the form
T a
′ ≡ dEa′ − Eb′ ∧ wb′a′ = −2iEαi ∧ Eβ˙i σa
′
αβ˙
, (2.25)
T aˆ ≡ dEaˆ − E bˆ ∧ wbˆaˆ = 2iα Eαi ∧Eβ˙i σaˆαβ˙ , (2.26)
Tαi ≡ dEαi − Eβi ∧ wβα − Eαj ∧ ωji =
2(1 − i)
R
Ea ∧ E¯β˙j fαβσaββ˙ , (2.27)
T α˙i ≡ dEα˙i −Eβ˙i ∧ wβ˙ α˙ − E¯α˙j ∧ ωji = −
2(1 + i)
R
Ea ∧ Eβj ǫijσaββ˙ f¯ α˙β˙ , (2.28)
Ra
′b′ ≡ dwa′b′ −wa′c ∧ wcb′ = − iR
(
Eαi ∧ Eαi + E¯α˙i ∧ E¯α˙i
)
ǫa
′b′ − 14R2Ed
′ ∧Ec′ǫc′d′ǫa′b′ ,(2.29)
Raˆbˆ ≡ dwaˆbˆ − waˆc ∧ wcbˆ = αR
(
Eαi ∧ Eαi − E¯α˙i ∧ E¯α˙i
)
ǫaˆbˆ + 1
4R2
Edˆ ∧ E cˆǫcˆdˆǫaˆbˆ, (2.30)
Rij = dωij − ωik ∧ ω jk =
1 + α
2R
(
(1− i)Eiα ∧Ejβfαβ − (1 + i)E¯iα˙ ∧ E¯jβ˙ f¯α˙β˙
)
. (2.31)
Here
Eα ≡ (Eαi , E¯α˙i) , E¯α˙i = (Eαi )∗ , (2.32)
wab, w αβ =
1
4w
ab(σaσ˜b)γ
α and w α˙
β˙
= (w αβ )
∗ are AdS2 × S2 spin connections with the
curvature Rab, ωj
i is the SU(2) connection and Rij = Rji is the corresponding curvature.
Note that in the case of SU(1,1|2)SO(1,1)×SO(2) , when α = −1 , the SU(2) curvature Rij (2.31)
is zero and the SU(2) connection can be gauged away by an appropriate local SU(2)
transformation of Eαi and E¯α˙i .
The symmetric spin tensors fαβ = fβα, f¯ α˙β˙ = f¯ β˙α˙ = (fαβ)∗ are related by
fαβ = 14ǫ
αγ(σaσ˜b)γ
αfab , f¯
α˙β˙ = 14ǫ
β˙γ˙(σ˜aσb)α˙γ˙fab (2.33)
to the SO(1, 1) × SO(2) invariant antisymmetric tensor
fab =
(
ǫa′b′ 0
0 ǫaˆbˆ
)
, a′, b′ = 0, 3 ; , aˆ, bˆ = 1, 2 , (2.34)
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which in the case of the supercoset SU(1,1|2)SO(1,1)×SO(2) (i.e., when α = −1) can be associated
with the ‘vacuum’ value of the field strength Fab of the Abelian gauge field of the N = 2,
D = 4 supergravity multiplet. In the superspace the corresponding constant closed form
F = dA is
Fǫij =
1
2
Eαi ∧ Eβjǫαβ + 1
2
E¯α˙i ∧ E¯β˙jǫα˙β˙ +
1
2
Ea ∧ Ebfabǫij , dF ≡ 0 . (2.35)
One can verify that the constraints (2.25)–(2.32) admit a superconformally flat solution
only for α = 1, i.e. in the case of the supercoset OSp(4
∗|2)
SO(1,1)×SO(2)×SU(2) . The superconformally
flat form of the supervielbeins is
Ea = eΦ+Φ¯ΠbL ab (x, θ) , Π
a = dxa − i(dθαi σaαβ˙ θ¯β˙i − θαi σaαβ˙dθ¯β˙i) , (2.36)
Eαi = (1− i) eΦ¯(dθβi +
i
2
Πaσ˜β˙βa D¯β˙iΦ¯)L
γ
β f
α
γ , (2.37)
E¯α˙i = (1 + i) eΦ (dθ¯β˙i − i
2
Πaσ˜β˙βa D
i
βΦ)L¯
γ˙
β˙
f¯ α˙γ˙ , (2.38)
where
D¯β˙jΦ = 0 , D
j
βΦ¯ = 0 , Φ¯ = (Φ)
∗ , (2.39)
and L ab (x, θ), L
α
β (x, θ) and L¯
α˙
β˙
(x, θ) are some SO(1, 3) matrices in vector and spinor
representations, respectively.
The crucial point where the superconformally flat ansatz fails for the supercoset SU(1,1|2)SO(1,1)×SO(2)
is the spinor torsion constraints (2.27) and (2.28), while these are compatible with the su-
perconformally flat ansatz (2.36)–(2.39) for OSp(4
∗|2)
SO(1,1)×SO(2)×SU(2) and produce differential
equations for the Weyl and U(1) factor, such as
D¯γ˙iD¯
γ˙
j Φ¯ + 2D¯γ˙iΦ¯ D¯
γ˙
j Φ¯ = 0 , (2.40)
D¯α˙iD¯
i
β˙
Φ¯− 2D¯α˙iΦ¯ D¯iβ˙Φ¯ = −
8i
R
e2Φ(L¯f¯ L¯−1)α˙β˙ . (2.41)
Thus the AdS2×S2 superspace which appears as a maximally supersymmetric solution
of N = 2, D = 4 supergravity is not superconformal. An intrinsic nature of this somewhat
surprising feature, as well as the reason why an alternative coset OSp(4
∗|2)
SO(1,1)×SO(2)×SU(2) is
superconformal are explained in detail in Subsection 4.2. They are traced to the fact
that OSp(4∗|2) can be embedded as an appropriate subgroup into the N = 2, D = 4
superconformal group, while SU(1, 1|2) cannot. In Subsection 4.2 we shall also derive an
explicit form of the conformal factor Φ(x, θ) of (2.36) – (2.38).
2.3 AdS3×S3 superspaces
The N = 2, D = 6 super Poincare group with 16 supercharges is a subsupergroup of the su-
perconformal group in six dimensions Uα(4|2;H) = OSp(8∗|4) which has 32 supercharges
and O∗(8) × USp(4) as the bosonic subgroup (see, e.g. [18, 19, 20] for a list of corre-
sponding Lie superalgebras, superconformal algebras and their subalgebras). A superspace
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whose bosonic body is AdS3 × S3 is the supercoset SU(1,1|2)×SU(1,1|2)SO(1,2)×SO(3) , its isometry super-
group being the direct product of two supergroups SU(1, 1|2) . The bosonic subgroup of
this isometry supergroup is SU(1, 1)×SU(1, 1)×SU(2)×SU(2) , and the fermionic sector
consists of 16 generators (supercharges). This supercoset is a solution of N = (2, 0), D = 6
supergravity. But, as in the case of AdS2 × S2 considered above, the isometry supergroup
SU(1, 1|2) × SU(1, 1|2) cannot be embedded as the appropriate subgroup into the D = 6
superconformal group OSp(8∗|4) . Instead, the latter contains as such a subgroup the super-
group OSp(4∗|2) ×OSp(4∗|2) . Thus, it is the coset superspace OSp(4∗|2)×OSp(4∗|2)SO(1,2)×SO(3)×SU(2)×SU(2) ,
also having AdS3×S3 as the bosonic subspace and 16 fermionic directions, which is super-
conformal. We have presented here only group-theoretical arguments, but by analogy with
the AdS2×S2 case one can also demonstrate this by analyzing the relevant Maurer–Cartan
equations or applying the ‘bottom–up’ approach of Sections 3, 4.
2.4 AdS5×S5 superspace
The super AdS5 × S5 background is a maximally supersymmetric solution of type IIB
D = 10 supergravity. If it were superconformally flat, then the superconformally flat
ansatz for AdS5×S5 would solve the type IIB D = 10 supergravity constraints (which are
equivalent to the superfield supergravity equations of motion).
We shall again see that the constraints which describeAdS5×S5 superspace do not have
a superconformally flat solution.7 The reason is that the isometry supergroup SU(2, 2|4)
of super AdS5 × S5 is not a sub–supergroup of the superconformal group OSp(2|32;R) or
OSp(1|64;R) in ten dimensions.
The Maurer–Cartan structure equations for the relevant supercoset
SU(2,2|4)
SO(1,4)×SO(5) coincide with the type IIB supergravity constraints [21] restricted to the
AdS5 × S5 superbackground [22] (a = 0, 1, . . . , 9 , α = 1, . . . 16 , I = 1, 2)
T a ≡ dEa − Eb ∧ wba = −iEαI ∧ EδI σaαδ (2.42)
≡ −i
(
Eα1 ∧ Eδ1 + Eα2 ∧ Eδ2
)
σ
a
αδ ,
TαI ≡ dEαI − EβI ∧ wβα = 1
R
Ea ∧ EβJ ǫIJ fab1...b4(σb1...b4)βα , (2.43)
Rab ≡ dwab − wac ∧ wcb = − 1
R2
Ea ∧ Eb − 4i
R2
EαI ∧ EδJǫIJfabc1c2c3σc1c2c3αδ ,(2.44)
where
wβ
α ≡ 1
4
wabσabβ
α , (2.45)
and σc1...cp are antisymmetrized products of p ten–dimensional ‘Pauli’ matrices.
The relative coefficients in (2.42)–(2.44) are dictated by the Bianchi identities
DT¯ a = −E¯b ∧R ab , (2.46)
7Superconformally flat solutions of type IIB supergravity equations requires a nontrivial axion–dilaton
background which is zero in the AdS5 × S
5 superspace.
– 10 –
DTα = −Eβ ∧Rβα , (2.47)
DR ab = 0 . (2.48)
Here Ea = (Eaˆ, Ei) , where aˆ = 0, 1, . . . , 4 is the vector index of the tangent space of
AdS5 , and i = 1, . . . , 5 is the vector index of the tangent space of S
5 ; fa1...a5 is a constant
self–dual tensor of the following form
faˆ1...aˆ5 = cεaˆ1...aˆ5 , fi1...i5 = cεi1...i5 , (2.49)
with all other components vanishing. The constant c is proportional to the radius of AdS5
or S5 (these radii are equal).
We now check whether the superconformally flat ansatz for the AdS5× S5 superback-
ground
Ea = e2WΠa , Πa ≡ dxa − idθαI σaαβθβI , (2.50)
is compatible with eqs. (2.42)–(2.44).
Substituting (2.50) into (2.42) and analyzing the lower dimensional components of the
latter
TαI βJ
a = −2iδIJσaαβ , TαI ba = 0 ,
one finds that the most general form of the fermionic supervielbein consistent with both
(2.50) and (2.42) is
EαI = eW
(
dΘαJ − iΠaσ˜αβa DαJW
)
h IJ , (2.51)
where
h IJ =
1√
1 + a2
(
1 −a
a 1
)
≡
(
cosα − sinα
sinα cosα
)
(2.52)
is an SO(2) matrix constructed from a real superfield a(x, θ), with α(x, θ) = arccos 1√
1+a2
.
However, as can be shown by a straightforward though tedious calculation, the lowest
dimensional component of eq. (2.43), T
αI
γK βJ = 0 , implies
DαIW = 0 , DαI α = 0 , (2.53)
which requires the background superspace to be flat.
We have already mentioned that the negative answer for the case of AdS5 × S5 (as
well as for the conventional AdS2 × S2 and AdS3 × S3 superspaces) is explained by the
following fact. Though the type IIB D = 10 super Poincare´ group (with tensorial charges)
is a subgroup of generalized simple superconformal groups OSp(2|32;R) and OSp(1|64;R)
in ten dimensions, the isometry supergroup SU(2, 2|4) of super AdS5 × S5 is not a sub–
supergroup of the superconformal group. At the same time, for the background to possess
a (super)conformal structure it is crucial that both its (super)isometry group and (su-
per)isometry of the flat (super)space are subgroups of some encompassing (super)conformal
group.
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A simple and transparent way to see that SU(2, 2|4) cannot be a subgroup ofOSp(2|32;R)
and/or of OSp(1|64;R) is as follows. A fundamental representation of SU(2, 2|4) is a com-
plex supertwistor [23]
ZA = (λα, µ¯α˙, ψ
i) , (2.54)
where two Grassmann–even Weyl spinors λα and µ¯α˙ form a Dirac spinor with respect
to the D = 4 Lorentz transformations, and the complex Grassmann–odd components ψi
(i = 1, 2, 3, 4) are in the fundamental representation of the R–symmetry subgroup SU(4).
Therefore the Grassmann–odd part of the supertwistor has eight real components. (There
are no representation with a less number of Grassmann–odd components).
If the supertwistor obeys the following commutation relations
[ZA, Z¯B ]∓ = δAB , [Z
A, ZB]∓ = 0 , Z¯B = (µβ, λ¯β˙, ψ¯
i) (2.55)
([, ]+ stands for the anticommutator of the Grassmann–odd components), the generators of
SU(2, 2|4) can be realized as the Hermitian bilinear combination
MAB = Z
AZ¯B . (2.56)
Fundamental representations of OSp(2|32;R) and OSp(1|64;R) are real supertwistor
(or supersingleton) representations
ΛAˆ = (λαˆ, χ
I) , (2.57)
where now λαˆ is a Grassmann–even 32–component real spinor or a 64–component real
spinor and χI denotes the Grassmann–odd real components of the supertwistor. The
OSp(2|32;R) supertwistor contains two real Grassmann–odd components, which form a
vector of an SO(2) subgroup of OSp(2|32;R), and the OSp(1|64;R) supertwistor contains
only one real Grassmann–odd component.
If the components of (2.57) satisfy the (anti)commutation relations
[ΛAˆ,ΛBˆ ]∓ = CAˆBˆ , (2.58)
where CAˆBˆ = (Cαˆβˆ, δIJ) is anOSp–invariant constant matrix, the generators of OSp(2|32;R)
and OSp(1|64;R) can be realized as the bilinear combination of the supertwistor (2.57)
components
MAˆBˆ = Λ(AˆΛBˆ], (2.59)
where the matrix MAˆBˆ is symmetric in the indices αˆ, βˆ and antisymmetric in the indices
I, J .
Now, if SU(2, 2|4) were a subgroup of OSp(2|32;R) or OSp(1|64;R), the supersingleton
representation (2.57), having been decomposed into irreps of this subgroup, would contain
the supertwistor representation (2.54). But this is obviously not the case since (2.54)
has eight real Grassmann–odd components and (2.57) has only one or two. The above
reasoning suggests that the minimal simple supergroups which can simultaneously contain
both OSp(2|32;R) and SU(2, 2|4) as sub–supergroups are OSp(8|32;R) and SU(16, 16|4).
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The type IIB D = 10 super Poincare´ group with a ‘central’ extension, as well as special
superconformal transformations are contained in OSp(2|32;R), but the fermionic sector of
SU(2, 2|4) is certainly not. Thus even within these much larger supergroups8 we are not
able to relate (in the superconformal sense discussed in Sections 3 and 4) the flat D=10
superspace and the AdS5 × S5 superspace. This explains why the superconformally flat
ansatz is inconsistent with the AdS5×S5 solution of the type IIB supergravity constraints.
One may ask whether there exists a different AdS5 × S5 supercoset, analogous to the ones
of AdS2 × S2 and AdS3 × S3 of Subsections 2.2 and 2.3, which is superconformal. We
have looked through the list of the real forms of the classical Lie superalgebras ([19]) and
have not found another simple superalgebra, different from su(2, 2|4), which could be the
isometry of such a supercoset. Thus it does not exist.9
3. Superconformal flatness of AdS superspaces. ‘Bottom-up’ approach
3.1 The idea of the method
The general strategy of proving superconformal flatness for AdS superspaces and finding
the relevant superconformal factors which we shall follow in this Section applies to the
cases when both the Poincare´ supersymmetry and AdS supersymmetry, with the equal
number of supercharges and the equal number D of translation generators in flat and AdS
spaces, form two subgroups of the superconformal group acting in a Minkowski superspace
of the bosonic dimension D. One starts from a coordinate realization of this superconfor-
mal group in the Minkowski superspace [23] and studies the transformation properties of
the relevant flat covariant differential of x under this realization. Generically, this differen-
tial is multiplied by a scalar weight factor and undergoes some induced (super coordinate
dependent) Lorentz transformation. Then one singles out the AdS supersymmetry trans-
formations from the superconformal transformations as a linear combination of those of
Poincare´ supersymmetry and those of the special conformal supersymmetry. As the next
step, one constructs, out of the original flat superspace coordinates, the appropriate scalar
density compensating the weight part of the transformation of the flat covariant differ-
ential under the AdS supersymmetry. The flat covariant differential of x multiplied by
this factor undergoes only induced Lorentz transformations under the AdS supersymmetry
transformations and so it is the sought covariant differential of the AdS supersymmetry
(the vector Cartan form Ea of the previous consideration). By construction, the corre-
sponding interval is conformal to the super Poincare´ group covariant interval, which proves
the superconformal flatness of the AdS superspace. In other words, one starts from the
parametrization of the AdS superspace by the coordinates in which the super Poincare´ sub-
group of the underlying superconformal group has the ‘canonical’ manifest realization. The
precise relation of such a parametrization to the parametrization where the AdS subgroup
has the ‘canonical’ realization (corresponding, e.g. to the exponential parametrization of
8Note that these supergroups have 256 Grassmann–odd generators, which is four times as much as the
number of spinor charges one assumes to be present in superconformal groups associated with M–theory
(i.e. 64 [13, 15, 16]).
9We would like to thank Paul Sorba for the discussion of this point.
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the AdS super coset element) can be fairly complicated and we are not going to discuss
this point here. Also, we shall not give the precise form of the AdS–covariant differentials
of Grassmann coordinates (spinorial Cartan forms) in this approach. Once we are aware
of the superconformal factor, they can be restored, up to a Lorentz rotation, by general
formulas (1.2), (2.6),(2.7), (2.37) and (2.38).
We shall start from the purely bosonic D = 4 case and then consider the cases of
N = 1 and N = 2 AdS supersymmetries in D = 4. The case of general N is considered in
Subsection 3.5 and the AdS2 × S2 case in Section 4.
3.2 Toy example: bosonic AdS4
The special conformal transformations of the D = 4 Minkowskian coordinates xm (m =
0, . . . , 3) are as follows
δKx
m = 2(b · x)xm − bmx2 , (3.1)
where bm is a constant parameter. The covariant differential dxm is transformed as follows
δKdx
m = l[mn]dxn + 2(b · x)dxm , l[mn] = 2(xmbn − xnbm) . (3.2)
The AdS subgroup of D = 4 conformal group is singled out via the identification
δAdS = δP + δK ,
with
bm = m2am
and
δAdSx
m = am +m2
[
2(a · x)xm − amx2] , (3.3)
δAdSdx
m = l˜[mn]dxn + 2m
2(a · x)dxm , l˜[mn] = 2m2(anxm − amxn) , (3.4)
where m is proportional to the inverse AdS radius (the case of −m2 would correspond to
dS subgroup). Now we wish to construct the scalar factor f(x) which compensates for the
weight factor 2m2(a · x) in (3.4). By Lorentz covariance, it can depend only on x2 ≡ X,
f(x) = f(X), and should have the following transformation properties under (3.3):
δAdSf(X) = −2m2(a · x)f(X) . (3.5)
From the last relation one obtains the simple equation for f(X):
f ′ = − m
2
1 +m2x2
f , (3.6)
which, up to a constant normalization factor, is solved by
f(x2) =
1
1 +m2x2
. (3.7)
Hence, the object
Dxm = 1
1 +m2x2
dxm (3.8)
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undergoes only induced Lorentz rotation under the AdS translations and so it is the AdS-
covariant differential. Its square
ds2 = DxmDxm = 1
(1 +m2x2)2
dxmdxm
is the AdS interval which in this parametrization is explicitly conformal to the Minkowski
interval dxmdxm. Just this parametrization of AdS4 was used e.g. in [37].
3.3 N=1, D=4 AdS superspace
The N = 1, D = 4 superspace coordinates (xαα˙, θα, θ¯β˙) are transformed in the following
way under the special supersymmetry of N = 1,D = 4 superconformal group (see e.g.
[23]):10
δηx
αα˙ = ηλθαx α˙λ +
i
2
ηαθ¯α˙θ2 − η¯ρ˙θ¯α˙xαρ˙ +
i
2
η¯α˙θαθ¯2 ,
δηθ
ρ = ηρθ2 − iη¯ρ˙xρρ˙ − η¯ρ˙θ¯ρ˙θρ ,
δη θ¯
ρ˙ = η¯ρ˙θ¯2 + iηρx ρ˙ρ + η
ρθρθ¯
ρ˙ . (3.9)
It is enough to consider transformations with odd parameters since all the remaining super-
conformal transformations are contained in the closure of this conformal supersymmetry
and the standard Poincare´ supersymmetry:
δǫθ
α = ǫα , δǫθ¯
α˙ = ǫ¯α˙ , δǫx
ρρ˙ = −i(ǫρθ¯ρ˙ + ǫ¯ρ˙θρ) . (3.10)
The flat covariant differential of x ,
Παα˙ = dxαα˙ − i(dθαθ¯α˙ + dθ¯α˙θα) , (3.11)
is evidently invariant under (3.10) and is transformed in the following way under (3.9)
δΠαα˙ = 2η(αθλ)Π α˙λ − 2η¯(α˙θ¯λ˙)Παλ˙ +
(
ηθ + η¯θ¯
)
Παα˙ . (3.12)
The first two terms are the induced Lorentz rotation, while the last term is the weight
transformation. Now we single out the AdS4 supertranslations as the linear combination
of (3.10) and (3.9) with
ηα → mǫα , η¯α˙ → mǫ¯α˙ ,
where m is an arbitrary real parameter of the contraction to the Poincare´ supersymmetry.
Like in the N = 0 case we need to find the real scalar factor
A(x, θ, θ¯) = A¯ ,
such that under the AdS supersymmetry it has the following transformation property
δAdSA = −m
(
ǫθ + ǫ¯θ¯
)
A . (3.13)
10θα = ǫαβθβ , ǫαβǫ
βγ = δγα , θ
2 = θαθα , θ¯
2 = θ2 = θ¯α˙θ¯
α˙ .
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To preserve Lorentz covariance, it can depend only on the following invariants
x2 ≡ xαα˙xαα˙ , θ2 , θ¯2 , xαα˙θαθ¯α˙ .
Fortunately, the terms proportional to the last nilpotent invariant vanish (it can be directly
checked) and A has the following θ expansion
A = a(x2) + c(x2)θ2 + c¯(x2)θ¯2 + d(x2)θ2θ¯2 . (3.14)
From the condition (3.13) we get the set of equations for the coefficients in (3.14)
a′ −mc = a′ −mc¯ = 0 → c = c¯ ,
mx2a′ +ma+ 2c = 0 ,
ma′ − 2c′ + 2md = 0 ,
mx2c′ + 3mc+ 2d = 0 . (3.15)
The first two equations yield
a′
(
1 +
m2
2
x2
)
= −m
2
2
a , (3.16)
i.e., the same equation as (3.6) (up to rescaling of m). Thus,
a =
β
1 + m
2
2 x
2
, (3.17)
where β is an arbitrary integration constant. The rest of equations allows one to uniquely
restore other functions, and the resulting expression for A proves to be as follows
A =
β
(1 + m
2
2 x
2)
[
1− m
2
1
(1 + m
2
2 x
2)
( θ2 + θ¯2 ) +
m2
4
3 + m
2
2 x
2
(1 + m
2
2 x
2)2
θ2θ¯2
]
. (3.18)
Hereafter we choose β = 1.
One can obtain more elegant expression for A in terms of
xαα˙L = x
αα˙ + iθαθ¯α˙ , xαα˙R = x
αα˙ − iθαθ¯α˙ .
The factor A has the following product structure
A = f(xL, θ)f¯(xR, θ¯) , f¯ = (f) (3.19)
f(xL, θ) =
1√
1 + m
2
2 x
2
L
[
1− m
2
1
(1 + m
2
2 x
2
L)
θ2
]
. (3.20)
The N = 1 covariant AdS x-differential is now defined as
Dxαα˙ = f(ζL)f¯(ζR)Παα˙
(
ζL = (xL, θ), ζR = (ζL)
)
. (3.21)
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It undergoes only an induced Lorentz transformation under the AdS4 supertranslations
(and the appropriate one under the AdS4 translations). Thus the N = 1 super AdS4
invariant interval is given by
ds2 = Dxαα˙Dxαα˙ = f2f¯2Παα˙Παα˙ , (3.22)
and it is manifestly conformal to the Poincare´ SUSY invariant interval, in full correspon-
dence with the derivation based on the Maurer-Cartan equations. The above chiral factors
coincide with the factors entering the superfield Weyl transformations defined in [37], [24].
To establish a contact with the consideration in Section 2 , one can check that the
chiral multipliers f(xL, θ), f¯(xR, θ¯) of the superconformal factor obey the equation
D¯α˙D¯
α˙f¯2 = 4mf4
and its conjugate (in the left-chiral parametrization Dα =
∂
∂θα + 2iθ¯
β˙∂L
αβ˙
, D¯α˙ = − ∂∂θ¯α˙ ).
One can reduce this equation just to (2.17) by making a proper complex rescaling of f, f¯ .
Also, it is straightforward to check the relation
f ∂L
αβ˙
f¯ − f¯ ∂L
αβ˙
f = iDαf D¯β˙ f¯ ,
which amounts to eq. (2.19). Thus the ‘bottom-up’ method directly yields the precise
form of the required particular Lorentz invariant solution of (2.17), (2.19). Note that the
linear equations (3.15) (or their analogs for f or f¯) are obviously easier to solve than the
nonlinear equations (2.17) and (2.19).
3.4 N=2, D=4 AdS superspace
In this case it is more convenient to work directly in the chiral basis
xαα˙L = x
αα˙ + 2iθαi θ¯
α˙i, θαi , θ¯
α˙i .
Under the special conformal and Poincare´ N = 2 supersymmetries these coordinates trans-
form as follows
δηx
αα˙
L = −4ixβα˙L ηiβθαi ,
δηθ
α
i = −2iηβiθ(βk θα)k − 2iηαk θβ(iθ
k)
β + η¯β˙ix
β˙α
L , δη θ¯
α˙i = (δηθ
α
i ) , (3.23)
δǫx
αα˙
L = −4iǫ¯α˙iθαi , δǫθαi = ǫαi , δǫθ¯α˙i = ǫ¯α˙i , (3.24)
ǫ¯α˙i = (ǫαi ) , η¯
α˙
i = (η
αi) .
Up to induced Lorentz rotations, the flat covariant differential
Παα˙ = dxαα˙ − 2i (dθαi θ¯α˙i + dθ¯α˙iθαi ) (3.25)
is transformed as
δηΠ
αα˙ = 2i(ηρiθρi) Π
αα˙ + c.c. . (3.26)
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A new feature compared to the previous case is that the N = 2 AdS4 supersymmetry
is extracted via the following identification
δAdS = δǫ + δη , η
i
ρ = c
(ik)ǫρk , η¯
i
ρ˙ = −c(ik)ǫ¯ρ˙k , (c(ik)) = ǫilǫksc(ls) , (3.27)
where a constant real vector c(ik) breaks the internal symmetry subgroup SU(2) of the
N = 2 superconformal group SU(2, 2|2) down to SO(2) which is the internal symmetry
subgroup of the N = 2 AdS4 supergroup OSp(2|4;R).
Thus, under the N = 2 AdS supersymmetry the flat supercovariant differential Παα˙ is
transformed (modulo induced Lorentz rotations) as
δAdSΠ
αα˙ = −2ic(ik)ǫρkθρi Παα˙ + c.c. . (3.28)
In order to find the compensating scalar factor, we assume that, similar to the previous
case, it is factorized into the product of chiral and anti-chiral (conjugate) factors. So we
need to find a complex factor B(xL, θ), such that it transforms under the N = 2 AdS
supertranslations as follows
δAdSB = 2ic
(ik)ǫρkθ
ρ
i B . (3.29)
The general θ expansion of B consistent with the Lorentz and SO(2) invariances reads
B = b0(y) + θ
α(iθk)α cikb1(y) + θ
α(iθk)α θ
β
(iθβk)b2(y) , y ≡ x2L . (3.30)
As in the previous example, the transformation rule (3.29) amounts to a set of the
first-order linear differential equations for the coefficients in (3.30)
(a) 2i yb′0 + ib0 + b1 = 0 ,
(b) 8ib′0 − c2b1 = 0 ,
(c) 4ib′1 − 3b2 = 0 ,
(d) ic2b1 +
2i
3
c2yb′1 + 2b2 = 0 , (3.31)
where c2 = cikcik . The following identities are useful while extracting the independent
structures in (3.29) in the course of deriving (3.31):
cmnǫαnθαmφ =
1
3
c2ǫαnθαmφ
(mn) , φ ≡ cikθβi θβk , φ(mn) ≡ θβmθnβ .
φφ =
1
3
c2φ(ik)φ(ik) .
Eqs. (3.31a), (3.31b), (3.31c) allow one to find b0, b1 and b2:
b0 =
1√
1 + 14c
2y
, b1 = −i 1
(1 + 14c
2y)3/2
, b2 = −1
2
c2
(1 + 14c
2y)5/2
. (3.32)
Eq. (3.31d) is then satisfied identically.
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The final answer for B is
B =
1√
1 + 14c
2x2L
[
1− iφ 1
(1 + 14c
2x2L)
− 1
2
φikφik
c2
(1 + 14c
2x2L)
2
]
=
1√
1 + 14c
2x2L
[
1− iφ 1
(1 + 14c
2x2L)
− 3
2
φ2
1
(1 + 14c
2x2L)
2
]
. (3.33)
The N = 2 AdS–covariant differential reads
Dxαα˙ = BB¯ Παα˙ (3.34)
and the invariant interval is
ds2 = B2B¯2 Παα˙Παα˙ . (3.35)
3.5 The case of arbitrary N
The above construction works for any N in D = 4. In the generic case of arbitrary N
the special conformal and Poincare´ supersymmetry transformations (both embedded into
SU(2, 2|N)) of the coordinates of the N -extended Poincare´ superspace in the left-chiral
parametrization are given by [23]
δηx
αα˙
L = −4ixβα˙L ηiβθαi ,
δηθ
α
i = 4iη
k
βθ
β
i θ
α
k + η¯β˙ix
β˙α
L , δη θ¯
α˙i = (δηθ
α
i ) , (3.36)
δǫx
αα˙
L = −4iǫ¯α˙iθαi , δǫθαi = ǫαi , δǫθ¯α˙i = ǫ¯α˙i , (3.37)
ǫ¯α˙i = (ǫαi ) , η¯
α˙
i = (η
αi) .
Now the indices i, k, . . . run from 1 to N (they correspond to the fundamental representa-
tion of SU(N)) and the objects with the upper-case and lower-case indices are no longer
equivalent to each other (as distinct from the special N = 2 case, no analog of ǫik exists).
The super Poincare´ invariant differential is still given by eq. (3.25).
The superAdS4 subgroupOSp(N |4;R) is singled out from SU(2, 2|N) via the following
identification
δAdS = δǫ + δη , η
i
α = C
(ik)ǫαk ,
where C(ik) is a constant symmetric tensor which breaks SU(N) down to SO(N). Using
the SU(N)/SO(N) freedom, one can always bring C(ik) to the diagonal form, C(ik) =
consti × δik. We shall use the normalization
C(ik)C¯(ij) =
1
N
δkj c
2 . (3.38)
It is easy to check that in the generic case the differential Παα˙ is transformed under
the η transformations, modulo induced Lorentz rotations, by the same law (3.28), now
with i = 1, . . . , N . Thus we should now try to construct general left-chiral superfunction
B(xL, θ) with the transformation law
δAdSB = 2iC
(ik)ǫρkθ
ρ
i B . (3.39)
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Let us take the following general ansatz for B:
B = b0(y) + φb1(y) + φ
2b2(y) + · · ·+ φnbn(y) + · · ·+ φNbN (y) , (3.40)
where
φ = C(ik)θαi θαk , y = x
2
L .
The latter invariants have the following transformation properties under the AdS super-
translations:
δAdSφ = 4iC
(ik)ǫαi θαkφ+
2
N
c2ǫ¯iα˙θαix
α˙α
L + 2C
(ik)ǫαi θαk ,
δAdSx
2
L = −8iǫ¯α˙iθαi xLαα˙ + 4ix2LC(ik)ǫαi θαk . (3.41)
A thorough inspection of the conditions imposed on the coefficients in the expansion
(3.40) by requiring B to transform according to (3.39) shows that one always gets two
independent equations for each two consecutive coefficients, e.g. for b0 and b1, b1 and b2, b2
and b3, etc. For each pair these equations (obtained by putting to zero the coefficients of ǫ
and ǫ¯ in the appropriate variations) form a closed set and determine the relevant coefficients
up to integration constants, being different for different pairs. Since each coefficient (except
for b0) appears within two adjacent pairs, there arise relations between these integration
constants which finally fix B up to an overall constant which we choose, as in the previous
particular cases, equal to 1.
Leaving the detailed calculations for an inquisitive reader (they are much like to those
in the previous subsections), let us give the final surprisingly simple answer for B(xL, θ):
B =
1√
1 + c
2
2N x
2
L + 2iφ
. (3.42)
Its expansion in powers of φ = C(ik)θαi θαk automatically terminates at φ
N due to the
evident Grassmann property φN+1 = 0. It can be checked that at N = 1, 2 eq. (3.42)
reproduces the chiral superconformal factors obtained in previous subsections.
The AdS–covariant differential Dxαα˙ and the invariant interval are defined in the same
way as above, i.e. by eqs. (3.34) and (3.35).
4. AdS2×S2 superspace
4.1 Bosonic case
The manifold AdS2 × S2 is a coset SO(2,1)SO(1,1) × SO(3)SO(2) . The mutually commuting sets of the
SO(2, 1) and SO(3) generators are singled out in the set of generators of theM4 conformal
group SO(2, 4) in the following way (in the notation of Subsect. 3.2)
SO(2, 1) :
(
Pa′ +m
2Ka′ , Ma′b′
)
,
SO(3) :
(
Paˆ −m2Kaˆ , Maˆbˆ
)
, a′ = 0, 3 , ηa
′b′ = diag(1,−1); aˆ = 1, 2 . (4.1)
This choice is unique up to an SO(3) rotation of the space-like indices 1, 2, 3 and it
is most convenient for supersymmetrizing. It is easy to check that these two sets of the
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SO(2, 4) generators indeed commute with each other; the first one comes from the AdS4
subgroup SO(2, 3) while the second one from the dS4 subgroup SO(1, 4). It is important
to note that the commutativity is possible only with the same contraction parameter m2
in both the AdS2 and S
2 translation generators, which amounts to the equal radii of the
AdS2 and S
2 from the geometric point of view.
On the original Minkowskian set of coordinates xm ≡ (xa′ , yaˆ) the translation gen-
erators Pa′ +m
2Ka′ and Paˆ −m2Kaˆ of these two subgroups act in the following way (we
denote the relevant variations by the indices 1 and 2, respectively, and the parameters by
aa
′
and caˆ)
δ1x
a′ = aa
′ [
1−m2 (x2 − y2)]+ 2m2(a · x)xa′ , δ1yaˆ = 2m2(a · x)yaˆ ,
δ2y
aˆ = caˆ
[
1 +m2
(
x2 − y2)]+ 2m2(c · y)yaˆ , δ2xa′ = 2m2(c · y)xa′ . (4.2)
Hereafter, x2 ≡ (x0)2 − (x3)2 , y2 ≡ (y1)2 + (y2)2 and analogously for (a · x) and (c · y).
We see that xa
′
and yaˆ do not form closed sets under these two commuting groups.
The irreducible sets za
′
and taˆ can be defined by the following invertible relations
za
′
=
2
A+
√
A2 + 4m2x2
xa
′
, A = 1−m2 (x2 − y2) ,
taˆ =
2
B +
√
B2 + 4m2y2
yaˆ , B = 1 +m2
(
x2 − y2) , (4.3)
xa
′
=
1 +m2t2
1−m2z2t2 z
a′ , yaˆ =
1 +m2z2
1−m2z2t2 t
aˆ , (4.4)
δ1z
a′ = aa
′ (
1−m2z2)+ 2m2(a · z)za′ , δ1taˆ = 0 ,
δ2t
aˆ = caˆ
(
1−m2t2)+ 2m2(c · t)taˆ , δ2za′ = 0 . (4.5)
The covariant differentials of za
′
and taˆ can now be found by the method of Subsect. 3.2:
Dza′ = 1
1 +m2z2
dza
′
, Dtaˆ = 1
1 +m2t2
dtaˆ . (4.6)
They merely undergo induced SO(1, 1) and SO(2) rotations in their indices, so
Dza′Dza′ = 1
(1 +m2z2)2
dza
′
dza′ ,
and
DtaˆDtaˆ = 1
(1 +m2t2)2
dtaˆdtaˆ
are the corresponding invariant intervals.
Now, using the relations
1 +m2z2 =
2
√
A2 + 4m2x2
A+
√
A2 + 4m2x2
, 1 +m2t2 =
2
√
B2 + 4m2y2
B +
√
B2 + 4m2y2
,
and
A2+4m2x2 = B2+4m2y2 ≡ F 2(x2, y2) = 1+2m2(x2+ y2)+m4(x4+ y4−2x2y2) , (4.7)
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it is straightforward to show that
Dza′Dza′ −DtaˆDtaˆ = F−2(x2, y2)
(
dx2 − dy2) = F−2 dxmdxm . (4.8)
This relation demonstrates in which sense AdS2×S2 is conformal to the Minkowski space
M4.
Another way to derive (4.8) (which directly applies to the supersymmetry case) does
not require passing to the coordinates x˜m = (za
′
, taˆ) . It is as follows. One first examines
how the differentials dxm are transformed under (4.2)
δ1dx
a′ = 2m2(a · x)dxa′ − 2m2(aa′xb′ − xa′ab′)dxb′ + 2m2aa′yaˆdyaˆ ,
δ1dy
aˆ = 2m2(a · x)dyaˆ + 2m2yaˆxa′dxa′ ,
δ2dy
aˆ = 2m2(c · y)dyaˆ − 2m2(caˆybˆ − yaˆcbˆ)dybˆ + 2m2caˆxa′dxa′ ,
δ2dx
a′ = 2m2(c · y)dxa′ + 2m2xa′caˆdyaˆ . (4.9)
One observes that, similar to other examples, dxm undergoes an xm-dependent SO(1, 3)
transformation and an xm-dependent rescaling
δdxm = 2m2 [(a · x) + (c · y)]dxm + L[mn](ind)dxn . (4.10)
Then one constructs a ‘semi-covariant’ differential Dxm which undergoes only the induced
Lorentz rotation
Dxm = f(x2, y2)dxm , δf = −2m2[(a · x) + (c · y)]f . (4.11)
One gets a simple differential equation for f , which is solved, up to an overall integration
constant, by
f = F−1 ≡ [1 + 2m2(x2 + y2) +m4(x4 + y4 − 2x2y2)]− 12 , (4.12)
where F is the quantity defined in (4.7). Thus we once again come to the conformal flatness
relation (4.8).
In conclusion of this Subsection, let us notice that all above formulas are equally
valid for an arbitrary D-dimensional Minkowski space MD . They establish the conformal
flatness, in the above sense, of the product spaces AdSm × Sn = (za′ , taˆ) , m + n = D ,
with a′ = 0, 1, ...m − 1 , aˆ = m, ...D − 1 . The property that AdSD is conformal to MD is
a corollary of this general statement. The necessary condition of the conformal flatness is
the equality of the AdSm and S
n radii. It is automatically satisfied when the AdSm × Sn
isometry group is embedded into the conformal group of MD .
4.2 Supersymmetrization
Let us now pass to the supersymmetric case. We shall consider only the four-dimensional
case. First of all, we should identify the D = 4 superconformal group, which might contain
as a subgroup the isometry supergroup SU(1, 1|2) or OSp(4∗|2) of the AdS2 × S2 super-
spaces considered in Subsection 2.2. It cannot be the N = 1, D = 4 superconformal group
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SU(2, 2|1), since SU(1, 1|2), OSp(4∗|2) and SU(2, 2|1) have the same number (eight) of
spinor generators, and they are obviously different.
The simplestD = 4 superconformal algebra which may contain su(1, 1|2) or osp(4∗|2) is
the N = 2 superconformal algebra su(2, 2|2), its non-vanishing (anti)commutation relations
relevant to our study being
{Qiα, Q¯α˙k} = 2δikσmαα˙Pm , {Sαk, S¯iα˙} = 2δikσmαα˙Km ,
{Qiα, Sβk} = ǫik(σmn)βαMmn + 2iǫikδβα(D + iR)− 4iδβαT (ik) , and c.c. , (4.13)
[Km, Q
i
α] = (σm)αα˙S¯
α˙i , [Pm, Sαi] = (σm)αα˙Q¯
α˙
i , (4.14)
[Mmn, Ps] = i(ηnsPm − ηmsPn) , [Mmn, Qiα] = −
1
2
(σmn)
β
αQ
i
β , (4.15)
[T ij , T lk] = −i(ǫilT jk + ǫjkT il) . (4.16)
The conjugation rules are as follows: Qiα = Q¯α˙i , Sαi = S¯
i
α˙.
Now we shall show that osp(4∗|2) is a subalgebra of su(2, 2|2), while no an appropriate
subalgebra su(1, 1|2) can be found. It is straightforward to check that the anticommutators
of the following generators
Qˆi1 = Q
i
1 +mS
i
1 ,
¯ˆ
Q1˙i = Q¯1˙i −mS¯1˙i ,
Qˆi2 = Q
i
2 −mSi2 , ¯ˆQ2˙i = Q¯2˙i +mS¯2˙i (4.17)
produce just the generators (4.1)
{Qˆi1, ¯ˆQ1˙k} = 2δik
[
(P0 + P3) +m
2 (K0 +K3)
]
,
{Qˆi2, ¯ˆQ2˙k} = 2δik
[
(P0 − P3) +m2 (K0 −K3)
]
,
{Qˆi1, ¯ˆQ2˙k} = 2δik
[
(P1 − iP2)−m2 (K1 − iK2)
]
, and c.c. ,
{Qˆi1, Qˆk1} = {Qˆi2, Qˆk2} = 0, {Qˆi1, Qˆk2} = −4im
[
ǫik (M03 + iM12) + 2T
(ik)
]
, and c.c. .(4.18)
For establishing relation with the description of the AdS2 × S2 cosets in Subsection 2.2, it
is instructive to rewrite (4.18) in a D = 4 Lorentz ‘covariant’ fashion
{Qˆiα, ¯ˆQα˙k} = 2δik
[
σa
′
αα˙(Pa′ +m
2Ka′) + σ
aˆ
αα˙(Paˆ −m2Kaˆ)
]
,
{Qˆiα, Qˆkβ} = −4im
[
ǫαβǫ
ik (M03 + iM12) + 2(1 − i)fαβT (ik)
]
, and c.c. , (4.19)
where a′ = 0, 3 and aˆ = 1, 2 are the AdS2 and S2 vector indices, respectively.
The commutators of the spinor charges with the generators of SO(2, 1) and SO(3) are
[Pa′ +m
2Ka′ , Qˆ
i
α] = mǫa′b′σ
b′
αα˙
¯ˆ
Q
iα˙
, [Paˆ −m2Kaˆ, Qˆiα] = mi ǫaˆbˆσbˆαα˙
¯ˆ
Q
iα˙
,
[M03, Qˆ
i
α] = σ
3 β
α Qˆiβ, [M12, Qˆ
i
α] = −iσ3 βα Qˆiβ, and c.c. . (4.20)
Note that in addition to the generators of so(2, 1) and so(3) the right hand side of (4.19)
also contains su(2) generators T (ik). The subalgebra of su(2, 2|2) defined by (4.17) and
(4.19) is a superalgebra osp (4∗|2) . The bosonic sector of this subalgebra is so∗(4)⊕usp(2) ∼
– 23 –
so(1, 2) ⊕ so(3) ⊕ su(2) . The group corresponding to the latter su(2) acts only on the
fermionic coordinates of the relevant superspace (as in the N = 2, D = 4 Minkowski
superspace), it commutes with special conformal transformations and, hence, does not
affect the geometry of the bosonic manifold which is always AdS2×S2 . We thus conclude
that the AdS2 × S2 superspace can be realized as a supercoset OSp(4
∗|2)
SO(1,1)×SO(2)×SU(2) . The
su(1, 1|2) superalgebra is not a subalgebra of osp (4∗|2) and it cannot be obtained from the
latter by any contraction. We conclude that no su(1, 1|2) subalgebra exists in su(2, 2|2) ,
such that its bosonic subalgebra so(2, 1) ⊕ so(3) lies in the bosonic conformal subalgebra
so(2, 4) of su(2, 2|2) .11
Let us now present the basic anticommutation relations (4.18) in a form where the
so(2, 1) ⊕ so(3)⊕ su(2) structure is manifest. We introduce
QAii
′
, (QAii′) = ǫikǫi′k′Q
Akk′ ,
such that
QA=1,i,i
′=1 ≡ −iQˆi2 , QA=2,i,i
′=2 = −Qˆi1 , Q1i2 = i ¯ˆQ
i
2˙, Q
2i1 =
¯ˆ
Q
i
1˙ , (4.21)
where A, i and i′ are spinor indices of SL(2, R) ∼ SO(2, 1) and of two SU(2) groups,
respectively. Then (4.18) can be rewritten in the following concise form
{QAii′ , QBkk′} = −4m( ǫABǫikT i′k′1 + ǫikǫi
′k′TAB2 − 2ǫABǫi
′k′T ik ) , (4.22)
where all bosonic generators satisfy the same commutation relations (4.16), TAB2 and T
i′k′
1
being generators of SO(2, 1) and SO(3), respectively. They are related to the original ones
as
T 111 =
i
2m
[(P1 + iP2)−m2(K1 + iK2)] , T 221 = (T 111 )† , T 121 = −iM12 ,
T 112 = −
1
2m
[(P0 − P3) +m2(K0 −K3)] , T 222 = −
1
2m
[(P0 + P3) +m
2(K0 +K3)] ,
T 122 =M03 . (4.23)
In this notation it is easy to see that osp(4∗|2) is a particular case of a real form of the
exceptional Lie superalgebra D(2, 1;α) . The basic anticommutation relation of the latter
[19] can be obtained by replacing the coefficients before the generators T1 and T in the
r.h.s. of (4.22) by numerical parameters α and −(1 + α) , respectively,
{QAii′ , QBkk′} = −4m(α ǫABǫikT i′k′1 + ǫikǫi
′k′TAB2 − (1 + α) ǫABǫi
′k′T ik ) . (4.24)
The superalgebra osp(4∗|2) is recovered from (4.24) with the choice α = 1 , while the choices
α = 0 or α = −1 lead to two isomorphic superlagebras, each being a semidirect sum of
a superalgebra su(1, 1|2) and an external automorphism algebra su(2). The su(1, 1|2)
superalgebra corresponding to α = −1 is obtained from (4.19) by skipping the SU(2)
11Of course there is an obvious embedding of su(1, 1|2) in su(2, 2|2) such that their internal su(2) sectors
coincide. However, this embedding does not suit our purposes.
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generators T ij and changing the sign in front of the SO(3) generators Paˆ−m2Kaˆ andM12 ,
the commutation relations (4.20) being unchanged. This form of the su(1, 1|2) superalgebra
corresponds to the form of the Maurer–Cartan equations analyzed in Subsection 2.2.
To learn how the conformal flatness relation (4.8) generalizes to the supersymmetry
case, we need, before all, to have the realization of the subalgebra (4.18) on the coordinates
of the N = 2, D = 4 superspace. We shall proceed from the N = 2, D = 4 supercon-
formal transformations (3.24), (3.23), (3.26) in the left-chiral parametrization. It will be
convenient to relabel the coordinates and N = 2 supersymmetry parameters as follows
x11˙L ≡ x++ , x22˙L ≡ x−− , x21˙L ≡ z , x12˙L ≡ z¯ ,
θ1i ≡ θ+i , θ2i ≡ θ−i , θ¯1˙i = θ¯+i , θ¯2˙i ≡ θ¯−i ,
ǫ1i ≡ ǫ+i , ǫ2i ≡ ǫ−i , ǫ¯1˙i = ǫ¯+i , ǫ¯2˙i ≡ ǫ¯−i . (4.25)
The subalgebra (4.17) is singled out by the following identification of the parameters of the
special superconformal and Poincare´ supersymmetry transformations (this choice properly
breaks D = 4 Lorentz invariance):
η1i = −mǫ+i , η2i = mǫ−i , η¯1˙i = mǫ¯+i , η¯2˙i = −mǫ¯−i . (4.26)
The corresponding transformations are given by
δx++ = −4iǫ¯+θ+ − 4im [x++ (ǫ−θ+) + z (ǫ+θ+)] ,
δx−− = −4iǫ¯−θ− − 4im [x−− (ǫ+θ−) + z¯ (ǫ−θ−)] ,
δz = −4iǫ¯+θ− − 4im [x++ (ǫ−θ−) + z (ǫ+θ−)] ,
δz¯ = −4iǫ¯−θ+ − 4im [x−− (ǫ+θ+) + z¯ (ǫ−θ+)] ,
δθ+i = ǫ
+
i + 2im
[
ǫ−i (θ
+)2 − 2(ǫ+θ+)θ−i
]−m (ǫ¯−i x++ + ǫ¯+i z¯) ,
δθ−i = ǫ
−
i + 2im
[
ǫ+i (θ
−)2 − 2(ǫ−θ−)θ+i
]−m (ǫ¯+i x−− + ǫ¯−i z) (4.27)
(for brevity, we have omitted the chiral index ‘L’ on the coordinates and denoted aibi ≡
(ab)). Note an asymmetry in the transformation laws of z and z¯ which is of course related
to the fact that these coordinates are not mutually conjugate in the complex chiral basis.
The transformation of the super Poincare´ covariant differential Παα˙ under this subgroup,
up to an induced Lorentz rotation, is as follows
δΠαα˙ = − [2im (ǫ−θ+ + ǫ+θ−)+ c.c.]Παα˙ . (4.28)
As in the bosonic case, in order to construct the ‘semi-covariant’ differential which
would undergo only coordinate dependent Lorentz rotations under the action of the AdS2×
S2 supergroup, one should construct a density B(x, θ, θ¯) which compensates the weight
factor in (4.28),
δB =
[
2im
(
ǫ−θ+ + ǫ+θ−
)
+ c.c.
]
B . (4.29)
In analogy to the previous supersymmetric examples, we assume B to have the product
structure
B(x, θ, θ¯) = BL(xL, θ)BR(xR, θ¯) , δBL = 2im
(
ǫ−θ+ + ǫ+θ−
)
BL , δBR = δBL . (4.30)
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The most general θ expansion of BL compatible with the AdS2 × S2 isotropy group
SO(1, 1) × SO(2) is as follows
BL = a(X,Y ) + b(X,Y )θ
+θ− + d(X,Y )x−−z(θ+)2 + c(X,Y )x++z¯(θ−)2
+ f(X,Y )(θ+)2(θ−)2 , (4.31)
X ≡ x++x−− , Y = zz¯ . (4.32)
Requiring BL to have the transformation rule (4.30) under (4.27), we find quite a lot
of equations for the coefficient functions in (4.31). But only few of them are essential
4i
∂a
∂X
+mb+ 2mY d = 0 ,
4i
∂a
∂Y
+mb+ 2mXd = 0 ,
4im
(
X
∂a
∂X
+ Y
∂a
∂Y
)
− b+ 2ima = 0 ,
4im
(
∂a
∂X
+
∂a
∂Y
)
− 2d = 0 ,
i
∂b
∂X
− 2iY ∂d
∂Y
− 2id −mf = 0 ,
c = d , (4.33)
while the rest of equations become identities on the solutions of these basic ones (and so
serve as self-consistency conditions). It is straightforward to find that (up to an arbitrary
overall constant) the general solution of (4.33) is given by
a(X,Y ) =
1
[1 + 2m2(X + Y ) +m4(X − Y )2]1/4 ,
b(X,Y ) = 2im
1 +m2(X + Y )
[1 + 2m2(X + Y ) +m4(X − Y )2]5/4 ,
c(X,Y ) = d(X,Y ) = −2im3 1
[1 + 2m2(X + Y ) +m4(X − Y )2]5/4 ,
f(X,Y ) = − m
2
[1 + 2m2(X + Y ) +m4(X − Y )2]5/4 . (4.34)
Thus
Dxαα˙ = BLBRΠαα˙ (4.35)
and the supersymmetric analog of the bosonic conformal flatness relation (4.8) is
Ds2 = Dxαα˙Dxαα˙ = (BL)2(BR)2(Παα˙Παα˙) . (4.36)
We have thus found the explicit superconformal factors in the expressions for the
supervielbeins of the AdS2 × S2 conformally flat superspace OSp(4
∗|2)
SO(1,1)×SO(2)×SU(2) discussed
in Section 2. These factors are defined by eqs. (4.31), (4.32), (4.34) and their conjugate.
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5. Applications – an outlook
We shall now demonstrate, using the results obtained, that in the superconformally flat
superbackgrounds the classical dynamics of a massless particle is (conformally) equivalent
to the classical dynamics of a superparticle in flat superspace.12
The classical action of a massless superparticle in a D–dimensional supergravity back-
ground parametrized by supercoordinates zM = (xm, θµ, θ¯µ˙) and described by superviel-
beins
dzM EAM (x, θ, θ¯), A = (a, α, α˙), has the following form
S =
1
2
∫
dτ
1
e(τ)
z˙M z˙N EaM E
b
N ηab , (5.1)
where z˙M = dz
M
dτ and e(τ) is a Lagrange multiplier which insures the mass shell condition
z˙M EaM z˙
N EbNηab = 0 .
The action (5.1) is invariant under worldline reparametrizations and under a local κ-
symmetry, provided the supervielbeins satisfy appropriate supergravity constraints (for a
review of superparticle models see [25]). In particular, the superbackground can be of the
AdS ×S types discussed in Sections 2, 3 and 4. Then the supervielbeins dzMEaM are as in
equations (1.2), (2.4), (2.5) and (2.36), and the action (5.1) takes the form
S =
1
2
∫
dτ
e4Φ(z)
e(τ)
ΠaΠb ηab . (5.2)
Note that the action (5.2) is invariant with respect to the superconformal transformations
of the target superspace coordinates, provided the Lagrange multiplier e(τ) (einbein) gets
rescaled in an appropriate way. The property of the actions of massless bosonic particles,
spinning particles and superparticles to be target–space (super)conformal invariant is ac-
tually well known and has been extensively discussed in the literature (see e.g. [26]–[32]).
Our observation is that if the superbackground is superconformally flat, the conformal
factor can be absorbed into the redefined einbein
e′(τ) = e−4Φ(z)e(τ) , (5.3)
and the action reduces to that of a massless particle in a flat superbackground. We thus
conclude that, for instance, the dynamics of massless superparticles propagating on the
AdS4 coset superspace
OSp(2|4;R)
SO(1,3)×SO(2) , on the AdS2×S2 coset superspace
OSp(4∗|2)
SO(1,1)×SO(2)×SU(2)
and in flat N = 2, D = 4 superspace are classically equivalent (at least locally), the
superconformal group being SU(2, 2|2) for all three cases. This essentially simplifies the
analysis of the superparticle mechanics.
At the quantum level, because of the operator ordering ambiguity problem and of the
nontrivial topological structure of the AdS × S manifolds, these cases should show up dif-
ferences from the flat one. For instance, the operator ordering for each of these cases should
12In [38] the equivalence of the dynamics of a massless bosonic particle propagating in conformally flat
backgrounds has been demonstrated in a twistor–like formulation. Using the results of this Section one
can show that the equivalence established in [38] can be extended to massless AdS D = 4 superparticles
formulated in the supertwistor framework.
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be fixed (at least partially) by the requirement that the quantum constraints (∼ superfield
equations) are covariant with respect to the superconformal transformations and, moreover,
possess a symmetry associated with the isometry of the specific AdS superbackground.13
Such a requirement will obviously result in different equations of motion for superfields
which describe the first quantized state vectors. In addition, the definition of energy and
of the mass of states on AdS–manifolds is subtle (see Duff et al [2] for a review).
As an example let us consider in more details the operator ordering procedure for the
canonical quantization of a bosonic massless particle in flat and AdS spaces.
From the bosonic counterpart of the action (5.2) it follows that, classically, in both
cases we have a single first–class constraint pmp
m = 0 , pm being the canonical momentum
of the particle. The classical equations of motion of the massless particle in flat space and in
AdS can be made equivalent by rescaling the einbein e(τ) . And in this sense the dynamics
in flat space and in AdS space are equivalent. What is different is the symmetry of the
dynamical systems in flat and AdS spaces, because of different geometrical properties of
these backgrounds.
When we quantize these systems we must respect these symmetries, and this is a
criterion for the choice of operator ordering. Let us consider how it works. We start with
the constraint pmp
m = 0 , which upon quantization we would like to apply on the wave
function and to obtain the field equation of motion.
If we are in flat space, we directly convert pmp
m into the Klein-Gordon operator by
replacing pm by −i∂m . In this way we get the correct Klein-Gordon equation in flat space
which respects the Poincare´ symmetry of the initial classical system.
However, if we are in an AdS background, we cannot proceed in the same way, since
∂m∂
m is not invariant under isometries of the AdS space. To obtain the correct AdS–
invariant Klein–Gordon equation we should use a different operator ordering procedure
based on the insertion of the conformal factor exp (2(D − 2)φ(x)). To understand how it
works let us start with the result. Upon quantization we should get the Klein-Gordon
equation in the form
Dmg
mn∂nV (x) = 0 ,
where Dm is the AdS covariant derivative and g
mn is the inverse AdS metric. The above
equation can be rewritten in the equivalent form as
g−
1
2 ∂m
(
g
1
2 gmn∂nV (x)
)
= 0 , g ≡ det gmn . (5.4)
Now let gmn = e
4φ(x)ηmn . Then the equation (5.4) reduces to
e−2Dφ∂m
(
e2(D−2)φ∂mV (x)
)
= 0 , (5.5)
where D is the dimension of the AdS background.
13This requirement is well known both in the conventional quantum field theory (see e.g. [33]) and
quantum string theory [34]. It is usually applied to justify the consistency of the quantum theory by
constructing the generators of all the symmetries in terms of quantum variables (fields) and verifying that
they still satisfy the commutation relations characteristic of the symmetries of the classical theory.
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The form of these equations suggests which kind of the operator ordering procedure we
should follow when quantizing the AdS particle. We should rewrite pmp
m in the following
classically equivalent form
ηmnpmpn ≡ pmpm = e−2(D−2)φpme2(D−2)φpm . (5.6)
Upon quantization we shall impose the first class constraint (5.6) on the state vector V (x) in
the coordinate representation (xm → xm , pm → −i∂m). Taking the operator ordering of
the constraint as in the right hand side of (5.6), we get the AdS–covariant field equation,
which is obviously different from the flat space Klein-Gordon equation. This equation
differs from (5.5) by the factor e−4φ which can be restored already at the classical level
from the requirement of the invariance (versus covariance) of the constraints with respect
to the isometries of the AdS space, pmp
m = 0 → e−4φpmpm = 0 .
By making a different momentum ordering in (5.6) such that for D > 2
pmp
m = e−2(D−2)φpme2(D−2)φpm
−4c D − 1
D − 2
[
e−2(D−2)φpme2(D−2)φpm − e−(D−2)φpmpme(D−2)φ
]
(5.7)
and for D = 2
pmp
m = pmp
m − c
[
e−φpmeφpm − pme−φpmeφ
]
, (5.8)
one gets a contribution to the Klein–Gordon equation (5.4) proportional to the scalar
curvature R of the conformally flat manifold
(Dmg
mn∂n − cR)V (x) = 0 . (5.9)
The term in the square brackets of eqs. (5.7) and (5.8), which classically equals to zero,
produces the scalar curvature term R when acting on V (x) upon quantization. In the case
of the AdS spaces with constant R such a term modifies the mass operator of the fields.
The arbitrary constant c can be fixed by requiring eq. (5.9) to be conformally invariant
[39], for instance c = 16 in D = 4 .
Hence the quantum dynamics of the massless particle in flat space and in AdS space
are not equivalent.
The same reasoning applies to the supersymmetric case. Note that at the classical
level not only the mass shell condition pmp
m = 0 , but also the fermionic constraints
πα − ipmγmαβθβ = 0 (where πα is the momentum conjugate to θα) are equivalent for the
massless superparticles (5.2) moving in different superconformally flat backgrounds.
Quantum equivalence of the dynamics of massless (super)particles in different con-
formally flat (super)backgrounds can be also analyzed in the framework of path integral
quantization. In a simpler model of non–relativistic bosonic particles moving in a curved
Riemann space with a metric gmn one performs quantization by taking the path integral
over the trajectories xm(t) with a functional measure (det gmn)
1
2 invariant under target
space diffeomorphisms (see e.g. [40, 41]). Such a covariant measure in the coordinate
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path integral can be derived from the path integral over phase space trajectories by in-
tegrating over the momentum paths. For the relativistic superparticle (5.1) moving in
a curved superbackground described by the supervierbein EAM , because of the presence
of constraints, the quantum theory will be defined by a generalized path integral over a
Batalin–Fradkin–Vilkovisky–extended phase space. The functional integral over superspace
trajectories zM (τ) invariant under the target space superdiffeomorphisms should emerge
upon doing an integral over the BFV–extended momentum trajectories, which should pro-
vide the measure with a covariant factor Ber(EAM ) . The derivation of this measure is an
interesting and still unsolved problem. The above reasoning suggests that the functional
integration measure of the quantum supersymmetric theory based on the classical action
(5.1) includes Ber(EAM ) . At the next step, respecting the symmetries of the classical model
in each of the superconformally flat backgrounds, one should choose a suitable regulariza-
tion prescription, e.g. a suitable discretization of superpaths, and operator ordering in the
definition of this formal functional integral (for non–supersymmetric case see [42, 43]).
In the case of massive superparticles, superstrings and superbranes the action does not
have invariances corresponding to superconformal symmetries of target superspace [29]. It
depends not only on the vector components of the target space supervielbeins but also on
the superform gauge fields (C1 for massive superparticles, B2 for superstrings, B2, C0, C2,
C4 for super–Dp–branes with p = 1, 3, etc.), whose pull–back enters the Wess–Zumino term.
Their field strengths are expressed through bosonic and fermionic supervielbeins (1.2) as
a consequence of relevant target space supergravity constraints. It would be of interest to
examine whether the superconformally flat structure of the target space supervielbeins may
result in a simplification of actions for such objects propagating in AdS supermanifolds.
Superconformal quantum mechanics (of multi–black holes) with a D(2, 1;α) (and, in
particular, OSp(4∗|2)) superconformal symmetry has been considered in [44] as a general-
ization of the SU(1, 1|2) superconformal mechanics in the background of a single Reissner–
Nordstro¨m black hole. We therefore see that the supergroups D(2, 1;α) have appeared in
physical applications. Hence, it would be of interest to study whether they are relevant to
supergravity theories and, in particular, whether coset superspaces D(2,1;α)SO(1,1)×SO(2)×SU(2) and
D(2,1;α)×D(2,1;α)
SO(1,2)×SO(3)×SU(2)×SU(2) can be recovered as solutions of some N – extended (conformal)
supergravities with local SU(2) and SU(2) × SU(2) R–symmetries.
6. Conclusion
We have analyzed the superconformal structure of a class of supermanifolds with the AdS×
S bosonic body and proposed a recipe for deriving the exact form of the conformal factors
of the supervielbeins. In particular, we have demonstrated that the AdS4 and AdS2 × S2
superspaces whose superconformal group is SU(2, 2|2) are superconformally flat and, hence,
conformally–equivalent to N = 2, D = 4 flat superspace. This is also the case for the
AdS3 × S3 superspace associated with the supercoset OSp(4
∗|2)×OSp(4∗|2)
SO(1,2)×SO(3)×SU(2)×SU(2) which is
conformally equivalent to flat N = (2, 0), D = 6 superspace. However, the conventional
AdSD
2
×SD2 superspaces which are maximally supersymmetric solutions of classical N = 2,
D = 4, 6, 10 supergravity constraints, are not conformal supermanifolds, since for the
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reasons explained in Sections 2 and 4, the isometry supergroups of these supermanifolds
are not subgroups of the superconformal groups in D=4,6 and 10 dimensions, respectively.
Therefore, these AdS × S vacuum configurations are not superconformal and the issue
of their stability under higher order corrections to the quantum effective action of the
complete supersymmetric theory should be revised (as e.g. in [12]).
Let us note that the ‘pure’ N–extended AdS2 coset superspaces, i.e. the ones without
‘S–factors’ are always superconformal. This is because the isometry supergroups of such
supercosets can always be embedded into an appropriate N–extended D = 2 superconfor-
mal group, which is in agreement with the conclusion of [17] about the superconformally
flat structure of D = 2 supergravities.
‘Pure’ N–extended AdS3 coset superspaces are superconformal when their isometries
can be embedded into the N–extended D = 3 superconformal group OSp(N |4;R). Ex-
amples are the N = 1 supercoset OSp(1|2;R)×SO(1,2)SO(1,2) , N = 2 supercosets
OSp(1|2;R)×OSp(1|2;R)
SO(1,2)
and
OSp(2|2;R)×SO(1,2)
SO(1,2)×SO(2) ∼
SU(1,1|1)×SL(2;R)
SL(2;R)×U(1) , and, in general, the supercosets
OSp(N−n|2;R)×OSp(n|2;R)
SO(1,2)×SO(N−n)×SO(n) .
The AdS5 coset superspace
SU(2,2|N)
SO(1,4)×U(N) is superconformal only for N = 1, since only
SU(2, 2|1) can be embedded as a subgroup into the unique D = 5 superconformal group
F (4; 2) , with R–symmetry being USp(2) ∼ SU(2) [14]. For D ≥ 5 we have not found AdSD
superspaces, whose isometries could be embedded into the corresponding superconformal
group. For instance, theAdS6 supercoset
F (4;2)
SO(1,5)×USp(2) is not superconformal, since F (4; 2)
is not a subgroup of the D = 6 superconformal group OSp(8∗|4) [14].
One may conjecture that in higher dimensions, and in particular in D = 10, there
exist generalized AdSm × Sn superspaces enlarged with tensorial charge coordinates and,
possibly, with additional Grassmann–odd coordinates, which can presumably be super-
conformally flat with respect to generalized superconformal groups. Thus the study of
superconformal structure of higher dimensional superspaces brings us to supersymmetric
models with tensorial central charge coordinates (see e.g. [45, 35, 15, 46]) which previously
have already found various other motivations for their consideration, including exotic BPS
configurations which preserve more than one half supersymmetry [36, 38, 47, 48] and the
theory of higher spin fields [49]. This point still requires a detailed analysis.
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